Abstract. It is well known that if a Gabor system G(Λ, g) is complete and Λ is a lattice then D(Λ) ≥ 1, where D(·) denotes the Buerling density. But what if Λ is a subset of a lattice but is not itself a lattice? We investigate this question here. We show that the Beurling density of Λ can be arbitrarily small, provided that the lattice containing Λ has density greater than 1. We conjecture that this cannot be done if the lattice has density exactly equal to 1.
Introduction
Let Λ be a discrete subset in R d × R d , and let g(x) ∈ L 2 (R d ). The Gabor system (also known as the Weyl-Heisenberg system) with respect to Λ and g is the following family of functions in L 2 (R d ):
Such a family was first introduced by Gabor [4] in 1946 for signal processing, and is still widely used today.
A well-known question concerning a Gabor system G(Λ, g) is how sparse the set Λ can be if the system is complete, see [11] . 
is the Beurling density of J . In Ramanathan and Steger [11] made the following conjecture, which can actually be traced back much earlier:
Conjecture (Ramanathan and Steger [11] ): Suppose that a Gabor system A related question concerns the density of a complete set of exponential functions. Landau [8] showed that there exists a small perturbation Γ of Z such that {e 2πiλx : λ ∈ Γ} is complete in C(Ω) where µ(Ω) can be arbitrarily large. This is not possible if Γ is a lattice, in which case we must have D + (Γ) ≥ µ(Ω). So again we may ask: For any ε > 0 does there exist a Γ ⊂ Z and a Ω ⊂ [0, 1] such that D + (Γ) < ε and µ(Ω) > 1 − ε?
The objective of this note is to answer these questions, or more precisely to point out that the answers to these questions follow from an earlier work of Landau [8] .
It is not clear whether the result holds in dimension d > 1. But it does lead to:
We also construct examples showing that for any ε > 0 there exist a Γ ⊂ Z and an Ω ⊂ [0, 1] such that D(Γ) < ε, µ(Ω) > 1 − ε and {e 2πiλx : λ ∈ Γ} is complete in C(Ω).
It should be pointed out that complete Gabor systems are less studied and not as well understood, comparing to Gabor bases or frames. We pose the following conjecture:
We are indebted to Russ Lyons for bringing to our attention the question concerning the completeness and density of exponentials for subsets of [0, 1]. We also thank Chris Heil for very helpful discussions.
Proof of Results
We first construct, for any given ε > 0, a set Γ ⊂ Z and an Ω ⊂ [0, 1] such that D(Γ) < ε, µ(Ω) > 1 − ε and {e 2πiλx : λ ∈ Γ} is complete in C(Ω). This construction is only slightly modified from the examples in [8] .
Lemma 3 (Landau [8] ). We may partition N into infinitely may disjoint sequences S r = {k (r) n } (in increasing order), r = 0, 1, 2, . . . , such that lim sup n→∞ n/k (r) n = 1 for each r.
It follows from a well-known result that {e 2πiλx : λ ∈ S r } is complete in L 2 ([a, b] ) whenever b − a < 1, see [13] . Now for any N > 1 and 0
Lemma 4. The set of exponentials {e 2πiλx : λ ∈ Γ N } is complete in L 2 (Ω N,δ ).
Proof. Again this is essentuially due to [8] . We include a proof for self-containment. Assume that the lemma is false. Then there exists a nonzero f ∈ L 2 (Ω N,δ ) such that f is orthogonal to all e 2πiλx , λ ∈ Γ N . Denote I 0 = [δ, 1 − δ]. It is easy to check that for each λ = λ + r N ∈ S r + r N we have
Choose λ r ∈ S r + r N arbitrarily for 0 ≤ r < N . The orthogonality gives Ω N,δ f (x)e 2πiλx dx = 0. It follows from (3) that
Observe that the matrix [c rk ] with entries c rk = e 2πi rk N is a Vandermonde matrix whose rows are distinct, and hence nonsingular. Therefore I 0 f (x + k)e 2πiλr x dx = 0 for all r and k. Since λ r ∈ S r + r N is arbitrarily chosen, and {e 2πiλx : λ ∈ S r + r N } is complete in L 2 (I 0 ), we must have f (x + k) = 0 for x ∈ I 0 and all 0 ≤ k < N . Therefore f ≡ 0 on Ω N . This is a contradiction.
To construct our example, for any ε > 0 let N > 1 and δ > 0 such that
We use the above example to prove Theorem 1.
Lemma 5. Let T be a uniformly discrete subset of R d and Ω ⊂ R d be measurable such that
Then h p is supported on Ω + p and h p ∈ L 2 (Ω + p), with p∈T h p (x) = 1 for all x.
Then f p is supported on Ω+p. Hence f p is in the closure of the span of {e 2πiλx g(x − p) : λ ∈ Γ}. However, p∈T f p (x) = f (x). Therefore f (x) is in the closure of the span of G(Λ, g). This proves the lemma.
Proof of Theorem 1. We first establish the theorem for the lattice L = Z × a −1 Z, which has D(L) = a > 1. For any ε > 0 Let Γ, Ω be as in (5), but with 1 N < ε/a. Observe that by making δ > 0 sufficiently small p∈T (Ω + p) = R for T = a −1 Z. It follows from Lemma
We next prove the theorem for L = b(Z × Z) where b = 1/ √ a, which has D(L) = a. This is easily obtained by rescaling the Gabor system in the previous case: Let g(x) = χ bΩ (x) and
Finally, let L be any lattice in R × R with D(L) = a. It is known that L is sympletic, and there is a unitary transformation taking the elements of G(b(Z × Z), g) to the elements of a Gabor system G(L,g), see Gröchenig [5] , pp. 199-200. In particular the unitary transformation takes the complete Gabor system G(Λ, g) for the previous case to a new complete Gabor system G(Λ,g), withΛ ⊂ L and D(Λ) < ε. This completes the proof of the theorem. It is not clear whether the result of Theorem 1 holds in the higher dimension, since not all lattices are sympletic in higher dimensions.
